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Abstract
A fractional generalization of variations is used to define a stability of non-integer
order. Fractional variational derivatives are suggested to describe the properties of
dynamical systems at fractional perturbations. We formulate stability with respect
to motion changes at fractional changes of variables. Note that dynamical systems,
which are unstable ”in sense of Lyapunov”, can be stable with respect to fractional
variations.
The theory of integrals and derivatives of non-integer order goes back to Leibniz, Liouville,
Riemann, Grunwald, and Letnikov [1, 2]. Fractional analysis has found many applications in
recent studies in mechanics and physics. The interest in fractional integrals and derivatives
has been growing continuously during the last few years because of numerous applications
[3]. In a short period of time the list of applications has been expanding. For example,
it includes the chaotic dynamics [4, 5], material sciences [6, 7, 8], mechanics of fractal and
complex media [9, 10], quantum mechanics [11, 12], physical kinetics [4, 13, 14, 15, 16],
long-range dissipation [17, 18], non-Hamiltonian mechanics [19, 20], long-range interaction
[22, 23, 24].
In this preprint, we use the fractional generalization of variation derivatives that are
suggested in [20, 3]. Fractional integrals and derivatives are used for stability problems
(see for example [25, 26, 27, 28, 29]). We consider the properties of dynamical systems with
respect to fractional variations [20]. We formulate stability with respect to motion changes at
fractional changes of variables (see [21] pages 294-296). Note that dynamical systems, which
are unstable ”in sense of Lyapunov” [30, 31, 32], can be stable with respect to fractional
variations.
Let us consider a dynamical system that is desribed by the differential equations
D1txi = Fi(x), i = 1, ..., n. (1)
where x1, ..., xn are real variables that define the state of the system.
We can consider variations δxi of the variables xi. The unperturbed motion is satisfied
to zero value of the variations, δxi = 0. The variations δxi describe as function f(x) at
arguments xi change varies.
Let us consider the case n = 1. The first variation describes a function change at the
first power of argument change:
δf(x) = δxD1xf(x). (2)
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The second variation describes a function change at the second power of argument change:
δ2f(x) = (δx)2D2xf(x). (3)
The variation δn of integer order n is defined by the derivative of integer order Dnxf(x), such
that
δnf(x) = (δx)nDnxf(x).
We can define [20, 3] a variation of fractional order m− 1 < α 6 m by the equation
δαf(x) = [δx]α C
0
Dαxf(x), (4)
where
[δx]α = (sgn(x))m|δx|α,
and C
0
Dαx is the Caputo fractional derivative [1, 2] with respect to x. The fractional variation
of order α describes the function change at change of the fractional power of argument. The
variation of fractional order is defined by the derivative of fractional order.
Let us obtain the equations for fractional variations δαxi. We consider the fractional
variation of equation (1) in the form:
δαD1txi = δ
αFi(x), i = 1, ..., n. (5)
Using the definition of fractional variation (4), we have
δαFi(x) =
C
aj
DαxjFi(x) [δxj ]
α, i, j = 1, ..., n. (6)
From equation (6), and the property of variation
δαD1txi = D
1
t δ
αxi, (7)
we obtain
D1t δ
αxi =
C
aj
DαxjFi [δxj ]
α, i = 1, ..., n. (8)
Note that in the left hand side of equation (8), we have fractional variation of δαxi, and in
the right hand side - the fractional power of variation [δxi]
α.
Let us consider the fractional variation of the variable xi. Using equation (4), we obtain
δαxi =
C
aj
Dαxjxi [δxj ]
α, k = 1, ..., n. (9)
For the Caputo fractional derivative, we have
C
aj
Dαxjxi = δij
C
ai
Dαxixi, (10)
where δij is the Kronecker symbol. Substituting Eq. (10) into Eq. (9), we can express the
fractional power of variations [δxi]
α through the fractional variation δαxi:
[δxj ]
α =
(
C
aj
Dαxjxj
)
−1
δαxj . (11)
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Substitution of (11) into (8) gives
D1t δ
αxi =
(
C
aj
Dαxjxj
)
−1
C
aj
DαxjFi(x) δ
αxj . (12)
Here we mean the sum on the repeated index j from 1 to n. Equations (12) are equations
for fractional variations. Let us denote the fractional variations δαxk by
zi = δ
αxi = [δxi]
α C
ai
Dαxixi. (13)
As a result, we obtain the differential equation for fractional variations
D1t zi(t) = Aij(α)zj(t), (14)
where
Aij(α) =
(
C
aj
Dαxjxj
)
−1
C
aj
DαxjFi(x). (15)
Using the matrix Zt = (z1, ..., zn), and Aα = ||Aij(α)||, we can rewrite equation (14) in the
matrix form
D1tZ(t) = AαZ(t). (16)
Equation (16) is a linear differential equation. To define the stability with respect to frac-
tional variations, we consider the characteristic equation
Det
(
Aα − λE
)
= 0 (17)
with respect to λ. If the real part Re[λk] of all eigenvalues λ for the matrix Aα are negative,
then the unperturbed motion is asymptotically stable with respect to fractional variations.
If the real part Re[λk] of one of the eigenvalues λ of the matrix Aα is positive, then the
unperturbed motion is unstable with respect to fractional variations.
A system is said to be stable with respect to fractional variations if for every ǫ, there is
a value δ0 such that:
‖δαx(α, t0)‖ < δ0 => ‖δ
αx(α, t)‖ < ǫ (18)
for all t > t0, where x(α, t) describes a state of the system at t > t0. The dynamical system
is called asymptotically stable with respect to fractional variations δαx(t, α) if
lim
t→∞
‖δαx(t, α)‖ = 0. (19)
We note that the notion of stability with respect to fractional variations (see [21] pages
294-296 and [3]) is wider than the usual Lyapunov or asymptotic stability [30, 31, 32].
Fractional stability includes concept of ”integer” stability as a special case (α = 1). A
dynamical system, which is unstable with respect to first variation of states, can be stable
with respect to fractional variation. Therefore fractional derivatives expand our possibility
to study properties of dynamical systems.
As a result, the notion of fractional variations allows us to define a stability of non-
integer order. Fractional variational derivatives are suggested to describe the properties
of dynamical systems at fractional perturbations. We formulate stability with respect to
motion changes at fractional changes of variables. Note that dynamical systems, which are
unstable ”in sense of Lyapunov”, can be stable with respect to fractional variations.
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